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Einstein-Podolsky-Rosen correlations in a hybrid system
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We calculate the relativistic correlation function for a hybrid system of a photon and a Dirac-
particle. Such a system can be produced in decay of another spin-1/2 fermion. We show, that the
relativistic correlation function, which depends on particle momenta, may have local extrema for
fermion velocity of order 0.5c. This influences the degree of violation of CHSH inequality.
PACS numbers: 03.65 Ta, 03.65 Ud
I. INTRODUCTION
In this paper we derive and study the Einstein–
Podolsky–Rosen (EPR) correlations in a hybrid system
of a massive spin-1/2 fermion and the photon in the rela-
tivistic regime. Investigation of the relativistic EPR cor-
relation functions is important in view of certain tension
between the spirit of special relativity and non-locality of
quantum mechanics. This subject has been dealt with by
numerous authors in recent years [1–29]. These studies
have shown that the EPR correlations of relativistic mas-
sive particles differ from those of non-relativistic ones,
namely the correlations depend on particle momenta and
may show non-monotonic behavior. Moreover the latter
are similar to the correlations involving only photons.
Thus it is strongly desirable to measure the EPR corre-
lations using relativistic massive particles [21].
To our knowledge, three experiments with the use
of relativistic massive fermions have been performed so
far. All the experiments measured proton-proton corre-
lations. The first one, known as Lamehi–Rachti–Mittig
experiment (LRM) [30], was performed in CEN-Saclay
about thirty years ago. The LRM group tested Bell
inequalities with the use of low-energy proton beams
(13, 5 MeV, that is v ∼ 0, 17c). The second exper-
iment was conducted in Kernfysisch Versneller Insti-
tuut by S. Hamieh group [31]. In this experiment,
spin correlations of proton pairs in 1S0 state, emerg-
ing from 12C(d,2He)12B nuclear charge-exchange reac-
tion, were examined. Energy of protons was about 86
MeV (v ∼ 0.4c). The third experiment was performed
in RIKEN Accelerator Research Facility by H. Sakai
group [32]. In the RIKEN experiment, proton pairs pro-
duced in 1H(d,2 He)n reaction reached energy of 135 MeV
(v ∼ 0.5c). Results of these experiments are in agreement
with the predictions of non-relativistic quantum mechan-
ics. This is not surprising as the relativistic effects appear
at much higher energies. For proton they are of the or-
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der of 800 MeV (v ∼ 0.85c) [24, 25]. However, it is an
unprecedented difficulty to produce a singlet state and
measure spin correlations of pairs of energetic protons.
Thus it is fully justified to search for other processes that
might allow a conclusive measurement. One of them are
correlations in a hybrid system, that is in a system con-
sisting of massive particles and photons.
In this paper we present a new concept to measure cor-
relations in a simple hybrid system consisting of a mas-
sive spin-1/2 fermion and a photon. We show that for
velocities v >∼ 0.5c the fermion-photon correlation func-
tion depends non-monotonically on particle momenta.
We also find that the violation of the Clauser-Horne-
Shimony-Holt (CHSH) inequalities depends on particle
momenta in non-monotonic way.
The paper is organized as follows. In Sec. II we con-
struct the hybrid states. In Sec. III we define observ-
ables of polarization (for photon) and relativistic spin
(for fermion). Then we calculate the correlation function
(Sec. IV) and analyze the CHSH inequalities in some spe-
cial cases (Sec. V). Conclusions are given in the Sec. VI.
II. CONSTRUCTION OF THE STATE OF THE
HYBRID SYSTEM
We shall consider the EPR-type correlations in a bi-
partite system of the photon and a spin-1/2 fermion of
massm. Such a system can arise from a decay of another
spin-1/2 fermion (of mass M).
Let q denote the four-momentum of the initial particle
while k and p—the four-momenta of the final particles,
i. e. photon and spin-1/2 fermion, respectively (q = k+p).
Let Hf be the carrier space of the irreducible repre-
sentation of the Poincare´ group for fermion and Hγ for
photon. Hf is spanned by the four-momentum operator
eigenvectors, |p, σ〉, and Hγ by |k, λ〉; σ denotes here the
spin projection on z axis and λ—helicity for the photon.
The above states do not transform in a manifestly covari-
ant way [see (A1) and (A10) in Appendix A], but we can
introduce states which fulfill this requirement.
In the present paper we use the notation from our pre-
vious papers [20, 21]. Summary of the notation is given
in Appendix A. To keep the notation as simple as pos-
sible we denote the covariant states by kets with entries
2ordered as follows: a Lorentz representation index (α –
bispinor, µ – four-vector) followed by a four-momentum,
i.e. |α, p〉, |(µ, ν), k〉. Notice that the covariant vectors
and the basis vectors of the representation space of the
Poincare´ group |p, σ〉, |k, λ〉, are distinguished by the or-
der of entries; explicit relationship between both kinds of
vectors is given below.
• For the spin-1/2 fermion
|α, p〉 = vασ(p) |p, σ〉 , (1a)
U(Λ) |α, p〉 = D(Λ−1)αβ |β,Λp〉 , (1b)
where D(Λ) is the bispinor D(1/2,0) ⊕D(0,1/2) rep-
resentation of the Lorentz group while Λ denotes
matrix of an arbitrary proper ortochronous Lorentz
transformation.
• For the photon
|(µ, ν), k〉 = fµνλ(k) |k, λ〉 , (2a)
U(Λ) |(µ, ν), k〉 = Λ−1µµ′Λ−1νν′ |(µ′, ν′),Λk〉 , (2b)
where
fµνλ(k) = k
µeνλ(k)− kνeµλ(k). (3)
Amplitudes vασ(p) and e
µ
λ(k) fulfill the Weinberg condi-
tions [33, 34]; for their explicit forms see (A4), (A12).
The Hilbert space of the hybrid system is a ten-
sor product space Hf ⊗ Hγ spanned by states |p, σ〉 ⊗
|k, λ〉. Because of transformation rules (1b) and (2b),
the manifestly covariant basis states of the product
space transform according to the (D(1/2,0) ⊕D(0,1/2)) ⊗(
D(1,0) ⊕D(0,1)) = D(1/2,0) ⊕ D(0,1/2) ⊕ D(1,1/2) ⊕
D(1/2,1)⊕D(3/2,0)⊕D(0,3/2) representation of the Lorentz
group. On the other hand, since the considered hybrid
state |α; p, k〉 arises from the decay of a spin-1/2 particle,
it should transform according to the formula analogous
to (1b)
U(Λ) |α; p, k〉 = D(Λ−1)αβ |β; Λp,Λk〉 . (4)
In terms of the states (1a) and (2a), the basis vectors in
the subspace of the hybrid states take the form:
|α; p, k〉 = [Aµν(p, k)]αβ |β, p〉 ⊗ |(µ, ν), k〉 . (5)
These vectors should transform according to Eq. (4),
which imposes constraints on Aµν(p, k). By solving these
constraints we find the following distinct bases:
|α; p, k〉1 =
1
4
[γµ, γν ]αβ |β, p〉 ⊗ |(µ, ν), k〉 , (6a)
|α; p, k〉2 = (pµγν − pνγµ)αβ |β, p〉 ⊗ |(µ, ν), k〉 , (6b)
and
|α; p, k〉′1 = γ5αβ |β; p, k〉1 , (7a)
|α; p, k〉′2 = γ5αβ |β; p, k〉2 . (7b)
The parity operator, Pˆ , acts on the vectors in the follow-
ing way:
Pˆ |α; p, k〉1/2 = ζ∗γ0αβ |β; ppi, kpi〉1/2 , (8)
or
Pˆ |α; p, k〉′1/2 = −ζ∗γ0αβ |β; ppi, kpi〉′1/2 , (9)
where ζ is the inner parity of final state fermion. States
(6) correspond to the case, when the inner parities of de-
caying and product spin-1/2 fermion are equal, and states
(7) correspond to the case when decaying and product
spin-1/2 fermions have opposite parities.
Hybrid states of a definite parity are combinations of
the states (6) or (7).
Taking into account that the initial state of the decay-
ing particle must fulfill the Dirac equation
(Pˆ γ +M) |Ψ〉 = 0, (10)
where Pˆ γ = Pˆµγ
µ, with Pˆµ being the four-momentum
operator and γµ the Dirac matrices (see Appendix A), we
can determine the appropriate coefficients. As a result,
we obtain:
|Ψ〉 = Ψα |α; p, k〉
≡ Ψα[(m+M) |α; p, k〉1 + |α; p, k〉2], (11)
or
|Ψ〉′ = Ψα |α; p, k〉′
≡ Ψα[(m−M) |α; p, k〉′1 + |α; p, k〉′2], (12)
where Ψ = [Ψα] is a bispinor and Ψ = Ψ
†γ0.
Now, according to [17], we choose Ψ in such a way
that the spin reduced density matrix ΨΨ describes the
decaying particle with the polarization vector ξ
ΨΨ = ρ =
1
8
(
1 +
qγ
M
)(
1 +2γ5
w(q)γ
M
)(
1 +
qγ
M
)
,
(13)
where the four-vector w
w0 =
q · ξ
2
, w =
1
2
(
Mξ +
q(q · ξ)
M + q0
)
(14)
is the mean value of the Pauli-Lubanski four-vector
Wˆµ = 12ǫ
νγδµPˆν Jˆγδ in the state ρ; Pˆν and Jˆγδ denote
the generators of the Poincare´ group.
III. OBSERVABLES
In order to calculate the correlation function it is nec-
essary to introduce the spin operator for a relativistic
massive particles and the polarization operator for the
photon.
3Regarding the relativistic spin operator, several possi-
bilities have been discussed in literature (see e.g. [1, 2, 5,
6, 8–10, 12, 13, 17, 20, 28, 35]). We restrict our consid-
erations to the relativistic spin operator
Sˆ =
1
m
(
Wˆ − Wˆ 0 Pˆ
Pˆ 0 +m
)
, (15)
which acts on one-particle states as follows:
Sˆ |p, σ〉 = σσ′σ
2
|p, σ′〉 , (16)
where σi are the Pauli matrices.
The appropriately normalized polarization observable
is given by the obvious formula
Sˆ(θ) =
1
2k0δ3(0)
(|ǫθ, k〉 〈ǫθ, k| − |ǫθ⊥ , k〉 〈ǫθ⊥ , k|), (17)
where
|ǫθ, k〉 = 1√
2
(eiθ |k,+1〉+ e−iθ |k,−1〉) (18)
is the state of the linearly polarized photon with four-
momentum k and |ǫθ⊥ , k〉 =
∣∣ǫθ+pi/2, k〉. The vec-
tor |ǫθ, k〉 describes the photon polarized in the plane
spanned by the vectors k and ǫθ ⊥ k, where:
ǫθ =
1√
2
∑
λ
eλ(k)e
−iλθ, (19a)
ǫθ⊥ =
−i√
2
∑
λ
λeλ(k)e
−iλθ . (19b)
The operator Sˆ(θ) acts on one-particle states as follows:
Sˆ(θ) |k, λ〉 =
∑
λ′
1− λλ′
2
ei(λ
′−λ)θ |k, λ′〉 . (20)
IV. CORRELATION FUNCTION
Let us consider two distant observers, Alice and Bob,
in the same inertial frame, sharing the state |Ψ〉 . Let
Bob measure polarization of the photon and Alice—spin
projection of the fermion on some arbitrary direction a,
where |a| = 1. As Alice assigns values±1 instead of ±1/2
to the outcomes of her measurement, her observable is
2a · Sˆ. The correlation function takes the form
CΨ(θ, a, k, p) =
〈Ψ| 2a · Sˆ⊗ Sˆ(θ) |Ψ〉
〈Ψ|Ψ〉 . (21)
Inserting (11) into the above formula one gets:
CΨ(θ, ξ, a, k, p) =
m
32M(kp)2
∑
λ
e−2iλθ Tr
{
[−(m+M)(kγ)(eλγ) + 2(kp)(eλγ)− 2(eλp)(kγ)](1 +2γ5w(q)γ
M
)
×[(m+M)(kγ)(eλγ) + 2(kp)(eλγ)− 2(eλp)(kγ)]v(p)(a ·σ)Tv(p)
}
. (22)
Now, taking into account the representation of the Dirac
gamma matrices (A6) and Eq. (A4), we have
v(p)(a ·σ)Tv(p) = 1
2m
{
−
(
ma+
a ·p
m+ p0
p
)
γγ5
+(a ·p)γ0γ5−i[(a× p)γ]γ0+
(
p0a− a ·p
m+ p0
p
)
γγ0γ5
}
.
(23)
Using the trace properties of the Dirac matrices we finally
get
C(θ, ξ, a, k, p) =
(α · ǫθ)(β · ǫθ)− (α · ǫθ⊥)(β · ǫθ⊥)
(kp)2(M + k0 + p0)
,
(24)
where the polarization vectors are given by Eqs. (19) and
we use the following notation
α := (kp)(M + p0 + k0)ξ
+
[
(M + p0)(k · ξ)− k0(p · ξ)]p, (25)
β := (kp)a+
[
(a ·k) − k
0(a ·p)
m+ p0
]
p, (26)
4(note that kp = (M2−m2)/2). The formula (24) is valid
also in the case of mixed states (when |ξ| < 1 instead of
|ξ| = 1). The correlation function computed for the state
|Ψ〉′ (12) differs from (24) by the overall sign.
Now, let us consider the correlation function in the
center-of-mass frame (c.m. frame), i. e. p = −k. The
components k0 and p0 read
k0 =
M2 −m2
2M
, p0 =
M2 +m2
2M
, (27)
and the components of the four-vector w (14) take the
form:
w0 = 0, w =
Mξ
2
. (28)
In such a frame, the correlation function reduces to
Cc.m.(θ, ξ, a) = (a · ǫθ)(ξ · ǫθ)− (a · ǫθ⊥)(ξ · ǫθ⊥), (29)
where the polarization vectors are defined by Eqs. (19).
As we can see the function (29) does not depend on the
value of particle momenta.
In further considerations we have adopted the following
parametrization of the vectors a and p:
a =

 cos ςsin ς sinϕ
sin ς cosϕ

 , p =

|p| cosψ|p| sinψ
0

 . (30)
Without loss of generality we have assumed that the
photon propagates along x axis, i. e. k = (|k|, 0, 0). In
that case the vectors (19) take the form
ǫθ =

 0sin θ
cos θ

 , ǫθ⊥ =

 0cos θ
− sin θ

 . (31)
After setting ξ = (0, 0, 1) ≡ ξ0 (see Fig. 1), the correla-
tion function (24) takes the form
C(θ, ξ0, a, k, p) = sin ς cos(ϕ− 2θ)
+
√
x√
x+ 1−√x cosψ
[
cos ς −
√
x√
x+ 1 + 1
(cos ς cosψ
+sin ς sinψ sinϕ)
]
sinψ sin 2θ, (32)
where x =
(
|p|
m
)2
.
We show the x-dependence of the function (32) for
two sets of parameters: ς = 2π/3, ϕ = 3π/2, ψ = π/3,
θ = π/4 (Fig 2) and ς = ϕ = π/4, ψ = θ = π/3 (Fig 3)
The function (32) has extremum in both cases, a min-
imum and a maximum, respectively: C = −0.87 for
x = 1/3 and C = 0.5 for x = 1.36. Such a property
of the correlation function in a bipartite systems of a
vector bosons and spin-1/2 fermions has already been
reported by us [22–24, 26]. Moreover, it also influ-
ences the degree of violation of CHSH inequalities. One
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FIG. 1: Configuration in which the correlation function (32)
was calculated. Vector ξ [see Eq. (14)] lies on the z axis, the
photon propagates along the x axis, the momentum of the
spin-1/2 fermion (np) lies on the xy plane and the directions
on which Bob measures spin projections of the fermion are
denoted by a1 and a2. In the c.m. frame nk = −np.
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FIG. 2: Dependence of the correlation function
C(θ, ξ0,a, k, p) on x =
(
|p|
m
)
2
for ς = 2pi/3, ϕ = 3pi/2,
ψ = pi/3 and θ = pi/4. The value of the minimum equals
−0.87 (xmin = 1/3).
should notice, that the velocities that enable observation
of relativistic effects are for a bipartite proton system of
about 0.85c [25]. For hybrid system, extrema appear for
x = 1/3, i. e. for v = 0.5c, which is the border that was
reached in RIKEN experiment [32].
The ultra-relativistic limit of function (32) reads
Cultrarel(θ, ξ0, a) = sin ς cosϕ cos 2θ
+ sin 2θ(cos ς sinψ − sin ς cosψ sinϕ). (33)
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FIG. 3: Dependence of the correlation function
C(θ, ξ0,a, k, p) on x =
(
|p|
m
)2
for ς = ϕ = pi/4 and
ψ = θ = pi/3. The value at the maximum equals 1/2
(xmax = 1.36).
The non-relativistic limit has the form
Cnonrel(θ, ξ0, a) = sin ς cos(ϕ− 2θ), (34)
which is exactly equal to the form of correlation function
(29), Cc.m.(θ, ξ, a) = Cnonrel(θ, ξ0, a), in configuration we
chose. Furthermore the function (34) has the same form
as (B13) up to normalization.
V. THE CHSH INEQUALITY
In this section we consider the CHSH inequality and
show, that it can be violated in arbitrary reference frame.
We search for the configuration, that maximally vio-
lates the CHSH inequality which reads:
|C(θ1, ξ, a1,k,p) + C(θ1, ξ, a2,k,p)
+ C(θ2, ξ, a2,k,p)− C(θ2, ξ, a1,k,p)| ≤ 2. (35)
Just like in previous section, we assume that the photon
propagates along the x axis and ξ is orientated along the
z axis (Fig. 1).
The correlation function (32) violates the CHSH in-
equalities, moreover, the degree of violation is related to
the existence of the extrema. This is shown in Fig. 4
where the left hand side of (35) is plotted versus the
variable x. We see, that the inequality is violated in non-
relativistic case, then the degree of its violation increases
to reach 2.60 at xmax = 0.71. Then it monotonically de-
creases, and for x > 6.38 the inequality is satisfied. In
Fig. 5 the inequality is satisfied for the non-relativistic
case and violated for x ∈ (0.21, 6.54). It has maximum
equal to 2.28 at xmax = 1.77. In Fig. 6, the left hand side
of the CHSH inequality is always greater than 2. In non-
relativistic case the inequality is maximally violated and
then the degree of violation monotonically decreases.
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FIG. 4: Dependence of the left hand side of CHSH inequality
(35) on x for ψ = pi/6, ς1 = 2pi/3, ϕ1 = 3pi/2, θ1 = 2pi/3,
ς2 = pi/3, ϕ2 = pi and θ2 = pi/3. It has maximum equal to
2.60 at xmax = 0.71. The inequality is violated for x < 6.38.
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FIG. 5: Dependence of the left hand side of CHSH inequality
(35) on x for ψ = ς1 = pi/6, ϕ1 = pi/2, θ1 = 3pi/4, ς2 =
ϕ2 = pi/3 and θ2 = pi/2. It has maximum equal to 2.28 at
xmax = 1.77. The inequality is violated for x ∈ (0.21, 6.54).
In c.m. frame, the CHSH inequality takes the form:
2| sin ς1 sin(ϕ1 − θ1 − θ2) sin(θ1 − θ2)
+ sin ς2 cos(ϕ2 − θ1 − θ2) cos(θ1 − θ2)| ≤ 2. (36)
It follows from the above formula that in the relativistic
case it is possible to get the maximal violation of the
CHSH inequality (2
√
2), for example when we set ς1 =
ς2 = π/2 and θ1 − θ2 = π/4. Thus, when ϕ1 − θ1 − θ2 =
π/2 and ϕ2 − θ1 − θ2 = 0 (e.g. for ϕ1 = 3π/4, ϕ2 = π/4,
θ1 = π/4 and θ2 = 0) the left hand side of (36) is equal
to 2
√
2.
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FIG. 6: Dependence of the left hand side of CHSH inequality
(35) on x for ψ = 2pi/3, ς1 = pi/2, ϕ1 = 3pi/4, θ1 = pi/4, ς2 =
pi/2, ϕ2 = pi/4 and θ2 = 0. The inequality is violated in whole
domain, the maximal violation occurs in non-relativistic case.
VI. CONCLUSIONS
We have constructed quantum state of a hybrid system
(a massive spin-1/2 fermion and the photon) arising from
the decay of another spin-1/2 fermion. The constructed
state is characterized by the polarization (Bloch) vec-
tor ξ [see Eq. (13)]. We have calculated the correlation
function in the EPR-type experiment with hybrid sys-
tem assuming that Alice measures the spin projection
of the fermion and Bob the polarization of the photon.
Next we have analyzed the correlation function in some
configurations and found that it can be a non-monotonic
function of the momentum of the fermion. Similar be-
havior of the correlation function has been reported in
the case of bipartite fermion (or boson) system. How-
ever, in a hybrid system extrema occur for lower veloc-
ity of the fermion (0.5c) than in the two-fermion system
(0.85c). We have analyzed the CHSH inequality, too. We
have found the configuration in which the inequality is
violated maximally. Moreover, we have shown that the
degree of violation of the CHSH inequality can be a non-
monotonic function of the fermion momentum. We have
also compared the results with non-relativistic case.
Let us note that a system fermion+photon can be pro-
duced also in the Compton scattering. It seems that
states prepared in this way are easier to handle experi-
mentally. Theoretical analysis of the correlations in this
case is more complicated and will be given in the subse-
quent paper.
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Appendix A: Poincare´ representations of spin-1/2
fermion and a photon
For readers convenience and to establish the notation,
we recall some basic facts and formulas necessary to fol-
low the paper.
1. Spin-1/2 fermion
The notation and formalism we use in the case of spin-
1/2 particles is explained wider in our previous paper
[20]. Here we briefly recall the most important points.
For spin-1/2 fermion, the carrier space of irreducible rep-
resentation of the Poincare´ group is spanned by the four-
momentum operator eigenvectors |p, σ〉, where p2 = m2,
with m denoting the mass of the particle, and σ = ±1/2.
Their transformation rule reads
U(Λ) |q, σ〉 = Dσ′σ(R(Λ, q)) |Λq, σ′〉 , (A1)
where D is the spin 1/2 fundamental representation of
SU(2), and the Wigner rotation R(Λ, q) ∈ SO(3) is de-
fined as R(Λ, q) = L−1ΛqΛLq. We use Lorentz-covariant
normalization
〈p, σ|p′, σ′〉 = 2p0δ3(p− p′)δσσ′ . (A2)
Consistency of Eqs. (A1, 1a, 1b) leads to Weinberg
condition
D(Λ)v(p)DT(R(Λ, p)) = v(Λp). (A3)
For D being a bispinor representation D(1/2,0) ⊕D(0,1/2)
of the Lorentz group, we can find (see e.g. [17])
v(p) =
1
2
√
1 + p
0
m
(
(1 + 1mp
µσµ)σ2
(1 + 1m (p
pi)µσµ)σ2
)
, (A4)
where σ0 ≡ 1 , σi are standard Pauli matrices and ppi =
(p0,−p). The amplitudes (A4) fulfill
v(p)v(p) =
1
2m
(m+ pγ), (A5a)
v(p)v(p) = 1 , (A5b)
where pγ = pµγ
µ and v(p) = v†(p)γ0 stands for Dirac
conjugation. We use the following explicit representation
of gamma matrices
γ0 =
(
0 1
1 0
)
, γ =
(
0 −σ
σ 0
)
, γ5 =
(
1 0
0 − 1
)
,
(A6)
7where σ = (σ1, σ2, σ3). It holds
〈δ, p| γ0δα |β, p′〉 =
p0
m
δ3(p− p′) [m+ pγ]βα . (A7)
The action of the space inversion operator Pˆ on the
basis states is given by
Pˆ |p, σ〉 = ζ∗ |ppi, σ〉 , (A8)
consequently for covariant states defined by (1a)
Pˆ |α, p〉 = ζ∗γ0αβ |β, ppi〉 , (A9)
with ζ denoting the inner parity of the particle.
2. Photon
The notation and formalism we use in the case of
photons is explained wider in our previous paper [21].
Here we briefly recall the most important points. The
carrier space of the irreducible photon representation of
the Poincare´ group is spanned by four-momentum eigen-
states |k, λ〉 with λ = ±1 denoting helicity and k2 = 0.
Their transformation rule reads
U(Λ) |k, λ〉 = eiλψ(Λ,k) |Λk, λ〉 , (A10)
where eiλψ(Λ,k) = U(R(Λ, k)).
They are normalized as follows:
〈k, λ|k′, λ′〉 = 2p0δ3(k− k′)δλλ′ . (A11)
The vectors |k, λ〉 can be generated from standard vector
|k˜, λ〉, with k˜ = (1, 0, 0, 1). We have |k, λ〉 = U(Lk)|k˜, λ〉,
where Lk = RnkB(k
0). B(k0) is a pure Lorentz boost
taking vector k˜ into k0k˜ and Rnk is rotation transforming
vector k˜ into (1,nk), where nk = k/|k|.
The explicit form of amplitudes eλ(k), which define the
covariant state (2) reads
[eµλ(k)] =
1√
2
Rnk


0
−1
iλ
0

 . (A12)
The general form of Rnk is [23]
Rnk =
(
1 0T
0 ak|nk × ak|nk
)
, (A13)
where ak⊥nk, |ak| = 1.
The choice of ak is the matter of convention. Without
loss of generality we can assume that photon propagates
along x axis and then choose ak = (0, 0, 1), which is the
standard choice we use in this paper.
The action of the space inversion operator Pˆ on the
basis states is:
Pˆ |k, λ〉 = χλ(k) |kpi,−λ〉 , (A14)
and consequently for covariant states defined by (2a)
Pˆ |(µ, ν), k〉 = ηµµηνν |(µ, ν), kpi〉 , (A15)
with
eλ(k) = −χ−λ(kpi)e−λ(kpi) (A16)
and
χλ(k)χ−λ(k
pi) = 1. (A17)
In the convention used above χλ(k) = −1.
Coefficients fµνλ defined by Eq. (3) fulfill
f∗µνλ f
µ′ν′
λ = η
µν′kνkµ
′
+ ηνµ
′
kµkν
′
− ηµµ′kνkν′ − ηνν′kµkµ′ , (A18)
where η = diag(1,−1,−1,−1).
Appendix B: Non-relativistic case
As a non-relativistic analog of a hybrid system we take
the system consisting of a spin-1/2 fermion and a spin-1
massive boson. The total spin of the system is equal to
1/2. Using the Clebsh-Gordan coefficients we can write
down two linearly independent states of the system with
total spin equal to 1/2
|↑〉 =
√
2
3
|−1/2〉f ⊗ |1〉b −
√
1
3
|1/2〉f ⊗ |0〉b ,
(B1a)
|↓〉 =
√
1
3
|−1/2〉f ⊗ |0〉b −
√
2
3
|1/2〉f ⊗ |−1〉b ,
(B1b)
where |σ〉f/b stands for the state of a fermion/boson with
spin projection on z axis equal to σ.
Therefore, the general state of the system with total
spin equal to 1/2 has the following form
|ψ〉 = α |↑〉+ β |↓〉 . (B2)
The density matrix corresponding to the above state
reads
|ψ〉 〈ψ| = 1
2
[
(|↑〉 〈↑|+ |↓〉 〈↓|) + ξ1(|↓〉 〈↑|+ |↑〉 〈↓|)
+ iξ2(|↓〉 〈↑| − |↑〉 〈↓|) + ξ3(|↑〉 〈↑| − |↓〉 〈↓|)
]
, (B3)
where the components of the Bloch vector ξ = (ξ1, ξ2, ξ3)
are connected with the coefficients α, β from Eq. (B2) by
|α|2 = (1 + ξ3)/2, (B4a)
|β|2 = (1− ξ3)/2, (B4b)
αβ∗ = (ξ1 − iξ2)/2. (B4c)
8Note, that in the subspace spanned by the vectors |↑〉 and
|↓〉, matrix elements of the operators (|↑〉 〈↑| + |↓〉 〈↓|),
(|↓〉 〈↑| + |↑〉 〈↓|), i(|↓〉 〈↑| − |↑〉 〈↓|), (|↑〉 〈↑| − |↓〉 〈↓|) are
the same as the matrix elements of the Pauli matrices σ0,
σ1, σ2, and σ3.
We want to calculate the non-relativistic correlation
function
〈ψ| 2a · Sˆ ⊗ Sˆθ |ψ〉
〈ψ|ψ〉 , (B5)
where a · Sˆ is an observable measuring spin projection of
a spin-1/2 particle on the direction a, i. e.
a · Sˆ |σ〉f =
1
2
a ·σλσ |λ〉f . (B6)
Sˆθ is the polarization observable. It is convenient to de-
fine the polarization observable in terms of helicity basis
|nk, λ〉, with nk = k/|k| denoting the direction of spin-1
particle momentum and λ standing for its helicity. The
helicity basis can be expressed by means of spin basis as
follows:
|nk, λ〉 = D(1)σλ (Rnk) |σ〉b , (B7)
where Rnk is given by Eq. (A13) and D(1) denotes stan-
dard spin-1 representation of the rotation group (see e.g.
[22]). In the above basis, the polarization observable is
defined in analogy to Eq. (17) by
Sˆθ = |ǫθ,nk〉〈ǫθ,nk| − |ǫθ⊥ ,nk〉〈ǫθ⊥ ,nk| , (B8)
where
|ǫθ,nk〉 = 1√
2
(eiθ |nk,+1〉+ e−iθ |nk,−1〉) (B9)
and θ⊥ = θ + π/2.
Let us now consider a configuration, when the three-
momentum of the boson is along the x axis [nk =
(1, 0, 0)], and ak = (0, 0, 1), where ak is the vector defin-
ing rotation (A13). In such a configuration
|nk, 1〉 = −1
2
(|1〉b +
√
2 |0〉b + |−1〉b), (B10a)
|nk, 0〉 = 1√
2
(|1〉b − |−1〉b), (B10b)
|nk,−1〉 = 1
2
(|1〉b −
√
2 |0〉b + |−1〉b). (B10c)
Therefore
|ǫθ,nk〉 = − i sin θ√
2
(|1〉b) + |−1〉b) − cos θ |0〉b . (B11)
In this case the correlation function in the state (B2)
reads
C(θ, ξ, a) =
2
3
[(a3ξ3 − a2ξ2) cos 2θ + (a2ξ3 + a3ξ2) sin 2θ] . (B12)
When we use parametrization (30) it reduces to
C(θ, ξ0, a) =
2
3
sin ς cos(ϕ− 2θ), (B13)
Note that the factor 2/3 in formula (B12) appears be-
cause the probabilities of that Bobs measurement out-
come equals 0, enters the correlation function with mea-
sure 0. If we normalized all probabilities entering the
correlation function to 1, the factor would be 1, just as
in the relativistic case, where the probability of Bob get-
ting the outcome 0 vanishes.
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